We investigate an experimentally feasible scheme for amplification of superpositions of coherent states (SCSs) in light fields. This scheme mixes two input SCSs at a 50:50 beam splitter and performs post-selection by a homodyne detection on one output mode. The key idea is to use two different types of SCSs with opposite parities for input states, which results in an amplified output SCS with a nearly perfect fidelity.
Introduction
Superpositions of coherent states (SCSs) in traveling light fields have been recognized as a good resource for quantum information processing such as quantum teleportation [1] [2] [3] , quantum computation [4, 5] , quantum metrology [6] [7] [8] [9] and fundamental tests of quantum mechanics [10] [11] [12] [13] [14] [15] . Their interesting features as macroscopic quantum superpositions have also been pointed out [16] [17] [18] . Therefore, the importance of obtaining SCSs with sufficiently large amplitudes and high fidelities is twofold. It is helpful for practical implementations of quantum information processing, and it is also desirable from the viewpoint of macroscopic quantum tests. There have been numerous proposals [19] [20] [21] [22] and experimental implementations [23] [24] [25] [26] [27] [28] [29] [30] [31] for the generation of SCSs.
There have been proposals for the amplification of small SCSs to large-size SCSs using measurement and post-selection. A feasible scheme using beam splitters, on-off photodetectors, and post-selection was suggested [19, 20] . A modified setup using homodyne detection instead of the on-off detection for the amplification of SCSs was investigated [21, 22] and recently implemented in experiment [31] . In Ref. [21] , the authors proposed a setup for generation of a larger even SCS using two SCSs with the same parity as input states. Using the proposed setup with two smaller odd SCSs, a larger even SCS was generated in an experiment [31] . However, in comparison to the suggestion in Refs. [19, 20] , this approach using homodyne detection [21, 22] causes the fidelity to degrade. In order to obtain sufficiently large SCSs, one may need to apply this amplification process for multiple times, and this is a formidable obstacle particularly when initial SCSs are small.
In this paper, we investigate another set of input states which are composed of an odd SCS and an even SCS to overcome the obstacle. First of all, we present and compare the performance of amplification scheme using two different pairs of input states by means of post-selection with homodyne detection. We then show that a nearly perfect fidelity can be attained using the pair of SCSs with opposite parities even when the amplitude of input SCSs is small whereas the fidelity that can be achieved by using a pair of small SCSs with the same parities is low. Thus, SCSs with opposite parities outperform those with same parities in the amplification procedure. This paper is organized as follows. In section 2, we present the setup for amplification and investigate the capability of the amplification procedure by calculating the fidelity of the output state heralded by homodyne outcome and probability to get the outcome. Then we present the probability to attain a target fidelity for different amplitude of input states. We also compare two different sets of input states and show that a nearly perfect fidelity is always achievable with SCSs of opposite parities, which is not the case when SCSs with same parities are used. Finally, we summarize our works in section 3. 
Amplification of Superposition of coherent states
In this section, we investigate the scheme that amplifies two SCSs into a larger SCS, where SCSs are defined by
Here, |±α are coherent states of amplitude ±α, and N ± (α) = [2 ± 2 exp(−2α 2 )] −1/2 are normalization factors. Note that |SCS + (|SCS − ) is also called an even (odd) SCS because |SCS + (|SCS − ) contains even (odd) number of photons only. We assume the amplitude α to be real without loss of generality throughout the paper, and drop the explicit argument α in the state representation for simplicity in following equations unless there is any confusion.
In the first part of the present section, we review the amplification scheme using two odd (even) SCSs and show the performance based on output fidelity and probability to obtain high fidelity outcomes. We show that this scheme requires large amplitude SCSs for high fidelity output states. In the second part, we investigate the amplification using two different types of SCSs with opposite parities in the same way. Conclusively, we show that in this case nearly perfect amplification is possible regardless of the amplitude of input SCSs.
Amplifcation from two odd (even) SCSs to a larger even SCS
We first present the amplification process with two odd SCSs [21, 22, 31 ] (see Fig. 1 ). First of all, a pair of odd SCSs with same amplitude α are incident onto a 50:50 beam splitter as
where the normalization factor is omitted on the right hand side. The x quadrature is then measured by homodyne detection on the field of mode 3, where the x quadrature operator is defined asx = (â +â † )/ √ 2 andâ andâ † are the annihilation and creation operators. If the homodyne measurement outcome on mode 3 is x = x 0 , the state on mode 4 is projected onto (x) have large overlaps, which prevent amplification to high fidelity SCSs. On the other hand, the overlaps decrease as α increases so that high fidelity SCSs can be obtained (see (c) and (d)).
|Ψ(x = x 0 ) 4 with the probability density p(x = x 0 ) such as
Here,
is the quadrature representation of a coherent state. As seen in Eq. (2), if the measurement outcome x = x 0 satisfies two conditions, (i)
(x 0 ) = 0 and (ii) ψ 0 (x 0 ) 0, the √ 2 times amplified even SCS would be obtained at mode 4. In other words, if we post-select the output state according to the homodyne measurement outcome of the x quadrature on the mode 3, we can obtain an amplified SCS on mode 4. In order to find the region where the above two conditions are satisfied, we compare
(x) and ψ 0 (x) in Fig. 2 . The figure shows that for a large amplitude α, the above conditions are approximately satisfied for x 0 around 0. Thus, in this case, we can expect the output state on mode 4 to be close to √ 2 times amplified even SCS. On the other hand, when the amplitude α is too small such as α=0.5, the above conditions cannot be satisfied for any x. Thus, the preparation of large amplitude SCSs is necessary for the amplification for obtaining a high fidelity output state to the √ 2 times amplified even SCS. In order to analyze more quantitatively, we plot the fidelity to √ 2 times amplified even SCS when the input SCS has the amplitude α and the measurement outcome is x = x 0 , and the probability density to obtain the outcome, which are shown in Fig. 3 . Here, the fidelity is defined as Fig. 3 (a) shows that there are two regions where the high fidelity output state can be obtained : (i) large input amplitude α with measurement outcome x 0 around 0 and (ii) the small input amplitude α with large measurement outcome |x 0 |. However, since the probability to get the region (ii) is very small, which is shown in Fig. 3 (b) , we focus only on the region (i) from now on. The region (i) implies that if one prepares large SCSs as input states, such as α ≥ 1.0, and obtains the homodyne outcome around 0, the resultant fidelity to amplified SCS will be close to 1. Now, we assume that one sets a window [−x 0 , x 0 ] of post-selection so that the output state is selected if the homodyne outcome is in the window. Then, on average, the resultant fidelity on While there are three regions where high fidelity output states can be obtained, the probablity to get left upper and lower regions is very low, which is shown in (b). Since the fidelity is not large enough when the homodyne outcome is around 0 and input α is low, the achievable fidelity is low when input states with low amplitudes α are used.
average will be
The probability of getting a target fidelity on average when the input amplitude is α is shown in Fig. 4 . Note that we have used average fidelity on a region [−x 0 , x 0 ], The figure shows that the probability of getting high fidelity outcome with small amplitude input states is extremely small. Thus, the amplification to high fidelity output state is possible only for high amplitude input states. Therefore, nearly perfect amplification with a pair of odd SCSs requires the preparation of large amplitude of input SCSs. So far we have presented the amplification scheme that uses two odd SCSs to obtain a larger even SCS. It can be easily checked that two even SCSs input case yields a similar result. In the following subsection, we show that different input states result in a nearly perfect amplification Fig. 4 . Probability to get the target fidelity with input SCS with amplitude α. When the amplitude of input SCSs is low, the probability to get high fidelity SCSs is extremely low, which can be overcome by using different types of SCSs as we will see in the following subsection.
without large amplitude SCSs.
Amplification from an even SCS and an odd SCS to a larger odd SCS
In this subsection, we change the input states to an odd SCS and an even SCS and analyze the result in the same procedure. Similarly, an odd SCS and an even SCS are incident onto a 50:50 beam splitter as
where the normalization factor is omitted. Again, we measure the x quadrature of the beam on the mode 3 using homodyne detection. After measuring x = x 0 on mode 3, the state on mode 4 is projected onto
with the probability density,
As seen from Eq. (6), if we measure x = x 0 satisfying two conditions,
and (ii) ψ 0 (x 0 ) 0, an amplified odd SCS with an amplitude √ 2α would be obtained at mode 4. In order to find the region where the above two conditions are satisfied, we again compare
(x) and ψ 0 (x), which is shown in Fig. 5 . The figure shows that the results are similar with those of the previous case for large amplitude α. However, in this case, even for small α such as α = 0.5, we can still find some region where a larger odd SCS is obtained because
(0) is always zero. In other words, in contrast to the two odd SCSs input case, the amplification of SCS with an odd SCS and an even SCS is always possible for arbitrary α.
We analyze the fidelity of the output state to the √ 2 times amplified odd SCS. When we measure x = x 0 on mode 3, the fidelity of the output state on mode 4 to a larger odd SCS is given as
The fidelity for different α and given measurement outcomes and the probability of getting the outcome are shown in Fig. 6 . As the figure shows, conditioning the homodyne measurement outcome around 0 results in approximately perfect amplification for arbitrary amplitude of input states. As input amplitude α increases, a window [−x 0 , x 0 ] where we get high fidelity output state gets broader.
Again, we plot the probability of getting a target fidelity on average with setting the window [−x 0 , x 0 ], which is shown in Fig. 7 . Here, the average fidelity on a region [−x 0 , x 0 ] is written as
First of all, when the amplitude of input states is large, such as α ≥ 1.5, the figure is very similar to the previous case which is shown in Fig. 4 . In other words, the amplification from large SCSs input to √ 2 times amplified SCS with high fidelity is possible for both cases. However, an important difference from the case with a pair of SCSs with same parities is that the probability of getting high fidelity with small amplitude of input states is much larger, while the probability of attaining high fidelity output state with the input pair of two small odd SCSs is negligible. Thus, the pair of SCSs with different parities is advantageous in that arbitrary amplitude SCSs can be used for the amplification. Fig. 7 . Probability to get the target fidelity with input SCS with amplitude α. The advantage over the previous case can be seen for small α. In this case, high fidelity SCSs can be generated even when input α is small.
Conclusion
We have investigated a conditional amplification scheme for free-traveling optical SCSs. This scheme simply mixes two input SCSs at a 50:50 beam splitter and performs post-selection by means of homodyne detection on one of the two output modes. The output state heralded by an appropriate homodyne outcome is close to the √ 2 amplified SCS. We considered two different pairs of input states for the amplification. One is two odd SCSs, and the other is an odd SCS and an even SCS. We have shown that both pairs of input states with large amplitude enable the amplification to high fidelity output state. However, more importantly, we found that a nearly perfect fidelity can be obtained using two different types of SCSs with opposite parities for input states, whereas large amplitude SCSs are necessary for a pair of SCSs with the same parities. The advantage of using two different SCSs over the same SCSs is crucial for generating sufficiently large amplitude SCSs from small amplitude SCSs because multiple times of imperfect amplification will degrade the fidelity of the final output state to the large SCS. Since two different SCSs input enables a nearly perfect amplification for arbitrary amplitude of input SCSs, it can be used iteratively to generate a nearly perfect SCS with large amplitude.
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